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Abstract 

Existence and uniqueness of complex geodesies joining two points of a convex bounded 
domain in a Banach space X are considered. Existence is proved for the unit ball of X under 
the assumption that X is 1 -complemented in its double dual. Another existence result for 
taut domains is also proved. Uniqueness is proved for strictly convex bounded domains in 
spaces with the analytic Radon-Nikodym property. If the unit ball of X has a modulus of 
complex uniform convexity with power type decay at 0, then all complex geodesies in the 
unit ball satisfy a Lipschitz condition. The results are applied to classical Banach spaces and 
to give a formula describing all complex geodesies in the unit ball of the sequence spaces 
(1 < p < oo). 

In this article, we discuss the existence, uniqueness and continuity of complex geodesies 
on a convex domain V ma complex Banach space X. The term 'complex geodesic' is due 
to Vesentini [33], although the concept was discussed by Caratheodory ^ and Reiffen ETll 
under the name 'metric plane'. Recent results on this topic are to be found in ifTTl [T4l 
[T5l [T6l [341 [351 [361 [37ll . Applications of complex geodesies to the study of biholomorphic 
automorphisms and to fixed point sets are to be found in [[51 [331 [341 [351 [361 [371 . 

Our results on the existence problem depend on topological properties of the Banach 
space X, the results on uniqueness depend on the geometry of the boundary dV and on an 
analytic-geometric property of X (the analytic Radon-Nikodym property), while the conti- 
nuity (i.e. continuous extensions to the boundary) is obtained using complex uniform con- 
vexity. 

In section[Tl we introduce complex geodesies and related concepts and prove some basic 
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results. In section [21 we show that every pair of points in the unit ball Bx of X can be 
joined by a complex geodesic provided X is 1 -complemented in its double dual X**. In 
proving this we show that the canonical embedding of Bx in Bx** is an isometry for the 
Kobayashi metrics. We also obtain a new simple proof of a result of Davie and Gamelin [jVl 
that bounded analytic functions on Bx extend to Bx** ■ In section [3l we use the analytic 
Radon-Nikodym property and extreme points to obtain uniqueness results and in Section |4] 
we prove continuity properties of complex geodesies. In Section [5] we apply the results of 
the preceding three sections to and related spaces. 

An examination of the methods of section [2] shows that topological considerations are 
only used to obtain 'Montel type' theorems for mappings defined on the unit disc in C with 
values in the domain V C X under consideration. This led us to consider (in an infinite- 
dimensional setting) the concepts of taut and complete hyperbolic domains (section (6]). In 
section [6l we also apply our results to show that certain domains have constant negative 
curvature in the Kobayashi metric. 

A number of the results in this paper were announced in IfTOl . We refer to [fTOl for 
background results and further details on complex geodesies. 



1 COMPLEX GEODESICS 



is the open unit disc in C and p will denote the Poincare distance on ©, i.e. 

z — w 



I \ ^ ^\ ( ^ ^ ^ \ 

p[z, wj = tanh — 

\ 1 — wz J 



[z, w e 



|f 1/(1 - (for V e C and 



The infinitesimal Poincare distance a is defined by a[z, v) 

z e D). 

For Vi and V2 domains in complex Banach spaces, H{Vi,V2) denotes the set of all 
r'2-valued holomorphic functions on Vi. For a domain V in a complex Banach space X, 
p,qeV and v eV, 

Cv{p.q) = snp{pif{p)J{q)):feHiV,]D>)} 
cv{p,v) = snp{\f{p){v)\):feH{V,B)} 
6v{p,q) = mi{p{u,v):3f eHiI]>,V),f{u)=p,f{v) = q} 

{n 
^6v{wi_i,Wi) : n > l,p = Wo,Wi, . . . ,Wn = q e V 

kj,{p,v) = mi{r]>0:3f eHiI]>,V),fiO)=p,f'{0)r] = v}. 



Cx) is called the Caratheodory distance on V, Kd the Kobayashi distance and and kx> are 
the corresponding infinitesimal metrics. 
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For the unit disc, Cn = Ko = p and cn = ko = a. In general Cd < Kx) < 6v- Unlike 
Cv and Kd, Sd does not obey the triangle inequality in general. Kx> is the largest distance 
function on V smaller than 5x>- Holomorphic mappings are contractions relative to any one 
of the above distances or infinitesimal metrics. 

Definition 1.1 Let T> be a domain in a complex Banach space X and let d be a distance on 
V. A mapping cp G H{p, V) is called a complex d- geodesic if 

p{u, v) = d{(f){u), (f){v))for M, t> G ©. 

If z,w E 0(D) are distinct points, then we refer to (p as a complex d-geodesic joining z and 
w. 

We will use the term complex geodesic /or 'complex Cx)-geodesic'. 

Proposition 1.2 For a domain V in a Banach space and G H(I!i, V), the following are 
equivalent 

(a) (p is a complex geodesic. 

(b) there exist distinct points -u, f G D such that p{u, v) = Cv{(p{u), 0(f)). 

(c) there exists a point z G D such that a{z, 1) = cx)(0(z), (t)'{z)). 

(d) (J) is biholomorphic from D to an analytic set 0(D) and 0(D) is a holomorphic retract 

ofV (i.e. there exists f G H{V, V) such that f o f = f and f{T>) = 0(D) ). 

(e) (p is a complex Kx>-geodesic and 

5v\(piB>) = Kv\(pm = Cv\(pm- 

Proof: The equivalence of (a), (b) and (c) is due to Vesentini ll34l and the fact that (d) 
is equivalent to (a) is due to Reiffen 1*27^, p. 19] (see also Lempert [|24ll ). (e) =^ (a) and it 
remains to show that (a) =^ (e). 

Fix M 7^ f G D and write p = (f){u), q = (f){v). Since p{u,v) = C-p(p, g), Montel's 
theorem implies the existence of / G H(V,]D)) such that f{p) = u and /(g) = v. Now 
/ o G /J(D, D) and 

p{f ° 0(m), / o 0(f)) = Cv{p, q) = p{u, v). 

By the Schwarz-Pick lemma (see IfTOl p. 5]), / o is a biholomorphic automorphism of D 
and p{f o (l){z),f o (f){w)) = p{z,w) for all z,w G D. Since holomorphic mappings are 
contractions, we have 

piz,w) = p(/o0(^),/o0(^))<C^(0(;2),0(u;)) 

< Kv{<p{z),<j)H)<6v{<P{z),<j)H) (1.1) 

< p{z,w) 

and (11.11) consists entirely of equalities. Thus (a) implies (e). | 
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Definition 1.3 We call a domain V in a complex Banach space C-connected if every pair of 
points ofV can be joined by a complex geodesic. 

We remark that it follows from results of Vigue [[37l| (see also [10, proposition 11.15 and 
corollary 11.17]) that a subset of a bounded convex finite dimensional domain V is the range 
of a complex geodesic if and only if it is a connected one-dimensional analytic subset and a 
holomorphic retract of V. 

An immediate consequence of the equivalence of (a) and (e) in Proposition 11.21 is the 
following result. 

Proposition 1.4 IfD is a C-connected domain in a Banach space, then 

Cd = Kx> = 6x)- 

This leads to many examples of domains which are not C-connected (see for instance 
ifTOl p. 103]). In particular a proper domain in C is C-connected if and only if it is simply 
connected. 

On the other hand Lempert |l23l|24l (see also Roy den- Wong |[29l ) has shown that = 
K-p = Sx> and that cj) = fcc if P is a convex bounded domain in C". This result was extended 
to convex domains in arbitrary Banach spaces in IfTTI . where it was used to prove that the 
following are C-connected (see also |[10i pp. 90-91]) 

(a) bounded convex domains in reflexive Banach spaces 

(b) the open unit ball Bx of a dual Banach space X. 

These facts lead us to propose the following conjecture. 

Conjecture 1.5 IfV is a domain in a complex Banach space X which is biholomorphically 
equivalent to a bounded domain, then the following are equivalent: 

(a) Cv = Kd = 6t> 

(b) V is biholomorphically equivalent to a convex domain 

(c) V is C-connected. 

(Note that (c) implies (a) and (b) implies (a).) 
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2 EXTENSION AND EXISTENCE THEOREMS 

In this section, we consider a complex Banach space X as a subspace of its double dual space 
X** via the natural embedding. Bx denotes the open unit ball of X and H°°{Bx) denotes 
the space of scalar- valued bounded holomorphic functions on Bx, with the supremum norm. 
H°°{Bx) is a Banach algebra. We abbreviate Kx and as kx from now on. 

If U is an ultrafilter on a set /, then {X)u will denote the ultrapower of a Banach space 
X. More specifically, if X) denotes the space of bounded X-valued functions on / 
(with the supremum norm) and 

Nu = {{x^)iei e r{I,X) : lim||x,|| = 0}, 

then {X)u is the quotient space £°°(J, X)/Nu. 

There is a canonical isometric embedding j: X — > {X)u given by 

j{x) = {x)i^i + Nu 

(where {x)i^i denotes the constant function x). 

The principle of local reflexivity in its ultrapower formulation (see ll20l ') asserts that given 
a Banach space X, there exists an ultrapower {X)u such that 

(i) there is an isometric embedding J: X** — > (X)^ which extends the canonical embed- 
ding j: X ^ (X)^; 



(ii) the map 



Q:{X)u ^ X** 
Q{{xi)i(zj + Nu) = w*-limxi 



u 

satisfies QJ = idx**, \\Q\\ = 1- 

(Thus JQ is a contractive projection of {X)u onto the isometric copy J(X**) of X**.) 

The next lemma provides a crude version of the Schwarz inequality, which we prove for 
completeness. 

Lemma 2.1 Suppose X is a complex Banach space, f G H{Bx, ©), < e < 1 and 
a,b E (1 — e)Bx- Then there is a constant A^, depending only on e such that 

p(/(a),/(6))<A,||a-6||. 
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Proof: We can first dispose of the case where a and b are far apart, specifically the case 
\\a - b\\ > e. Define 0: D ^ by 

1 — e 

Then / o e D) and it follows from the classical Schwarz-Pick lemma that 

p(/(a), /(O)) = p{f o 0(1 - £), / o 0(0)) < p(0, 1 - £). 
Since the same estimate also applies to b 

p{f{a), f{b)) < 2p(0, l-e)<A,e< A,\\a - b\\ 

for chosen suitably large (depending only on e). 
For \\a — b\\ < e, we can define e H^B, Bx) by 

and we will then have 

Applying the Schwarz lemma to / o 0, we find that 

p(/(a), /(&)) < P (||a - b\\/2e, -\\a - b\\/2e) = 2p{\\a - b\\/2e, 0) < A\\a - b\\ 
since ||a-6||/2£ < 1/2. | 

Theorem 2.2 Suppose Y = {X)i( is an ultmpower of a complex Banach space X, where U 
is an ultrafilter on the set I. 

(i) Suppose, for each i E I, ff. Bx D is a holomorphic function from Bx to the unit disc 
D in the complex plane, and 

lim|/,(a,)| < 1 (2.1) 
for one point {ai)i^i + Nu of By. Then the function 

F:By D 

F{{xi)iei + Nu) = lim fi{xi) 

LA 

is well-defined and holomorphic. 
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( ii) The Kobayashi distance Ky on By is given by 

KY{{xi)i^i + Nu, {yi)iei + Nu) = \imKx{xi,yi). 

Proof: (i) Note first of all that if (xj)jg/ + Nu G By, then lim^^ < 1 and so there exists 
U E U so that < 1 for all i E U. Thus fi{xi) is defined for i E U and lim^^ fiixi) 
makes sense. In fact, it is possible to change Xi fori^U so as to ensure sup^gj \\xi\\ < 1 
without changing the coset (xi)ig/ + Nu or the value of the limit. We will make this change 
without comment from now on for all points in By and, in particular we will assume that 
S = supj ||aj|| < 1. 

By compactness, Hm^ fi{xi) certainly exists in the closed unit disc D. To show it is in 
the open disc fix {xi)i and choose 0<e<l — Sso that supj ||a;j|| < 1 — £. By Lemma IXTl 

p{Mx,),Ma,))<2A, (lEl). 

Choose now U E U so that T = sup^g^ Ifiio-dl < 1- It follows by the triangle inequality 
that 

piMx,),0)<2A, + p{0J,{a,))<2A, + p{0,T). 

Hence supjg^/ \fiixi)\ < 1 and F does indeed map By into 

Next we check that F is continuous. For this, fix {xi)i + Nu E By and choose e > 
with X = supj \\xi\\ < 1 — 2e. For y = {y-i}i + Nu E By and ||x — y\\y < e, we have 
\\yi\\x < 1 — e and so we can apply Lemma [XT] to see that 

Pifiixi), fiyi)) < A,\\xi - yi\\ 

Taking limits along U, we deduce that 

piF{x),Fiy))<A\\x-y\\y, 

which is enough to show continuity of F at x. 

Finally analyticity of F follows from continuity together with analyticity of the restricton 
of F on complex lines in Y. For x = {xi)i + Nu E By and y = (yi)i + A^^^ E Y, Montel's 
theorem shows that 

F{x + zy) = lim/i(a;i + zyi) 

lA 

is an analytic function of 2 on {2; G C : \\x + zy\\y < 1}. 

(ii) Fix X = {xi)i + Nu,y = {yi)i + Nu E By and let Ky-^;^ = \imu Kxixi,yi). Choose 
e > and put r = tanh(iir||jj^ + e). Then p(0,r) = K^^^^ + e. There exists U E U so 
that Kx{xi,yi) < K^^^ + e for i E U. Thus, since 5x{xi,yi) = Kx{xi,yi), there exists 
Qi E H{p, Bx) satisfying 5(j(0) = Xi, gi{r) = yi (for i E U). For i E I \ U, set gi = 0. 
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Now define g:B> ^ By, by g{z) — {gi{z))i + Nu- Of course we must check first that 
suPi \\gi{z) \\x < 1 for all z e D. To this end, observe that 

Kx{gi{z),0) < Kx{g^{z),gm) + Kx{9^{0),0) 

< p{z,0) + Kx{x„0) 
- p{z,0)+p{\\x,lO) 

< p{z,0) +supp{\\xj\\,0) 

3 a 

< oo 

Here we have used the fact that holomorphic mappings are contractions with respect to the 
Kobayashi distance and our standing assumption that the Xj are chosen so that sup^ || < 1. 
The equality Kx{x, 0) = 0) (for x e Bx) is elementary. Hence we have 

sup 11,0) < oo 

i 

which implies sup,- ||5't(-2)|| < 1. 

Cauchy's formula shows that the functions are uniformly bounded on compact 

subsets of D. This will enable us to show by a direct argument that g is analytic. Fix 2; e D 
and suppose \w — z\ < {1 — \z\)/2. Then 



gi{w) - gi{z) 



w — z 



- gliz) 



1 



w — z _^ 



g'iiO - g'iiz) dc 



w — z 



giiv)dvdC 



< \w-z\snp{\g':iC)\:\C\<il + \z\)/2,teI} 
Hence, if = {gl{z))i + Nu, we have 

g{w)-g{z) 



w — z 



< M w - z 



Y 



for \w — z\ < {1 — \z\) /2 and M a constant depending on z. Taking the limit asw^z, we 
see that g'{z) exists and is i. 

Therefore g e H{B, By), g{0) = x and g{r) = y. It follows that 

Ky{x,y) = Ky{g{0),g{r)) < p{0,r) = K^i^ + e. 

Since this is true for all £ > 0, we have 



Ky{x, y) < Ki^^ = lim Kx{xi, yi 

LA 



(2.2) 
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To establish the reverse inequality, we use the fact that Kx = Cx to select functions 

f, e H{Bx,'B) satisfying fi{xi) = 0, fi{yi) > mdKxixi,yi) = p{Q,fi{yi)). Applying 
part (i), we get a function F E H{By, D) which satisfies F{x) = and 

P(0,^(l/)) = \imp{OJi{yi)) = \imKx{xi,y^) = Ki^^^. 

14 LA 

But now the distance decreasing property of Kobayashi distances under F allows us to con- 
clude that 

%m = P(0,i^(l/)) = p{F{x),F{y)) < Kyix,y). 

Combining this with (12.21) completes the proof. | 

Our next result is a new proof of a result of Davie and Gamelin []7l. It has come to our 
attention that M. Lindstrom and R. Ryan have independently obtained a proof of this result 
using ultrapower techniques. 

Theorem 2.3 For X a complex Banach space, there exists an algebra homomorphism of 
norm one, 

E:H^{Bx)^H^{Bx*,) 

which satisfies 

Ef\Bx = f 

forallf eH°°{Bx). 

Proof: Given X and / G H°°{Bx), we choose an ultrafilter hi according to the principle 
of local reflexivity. To apply Theorem 12. 2r i). we take fi = //||/||oo for all i. Unless / is 
constant, the hypothesis (12.11) is satisfied for a, = 0. In any case, it follows that the function 

F:By C 
F{{xi)i^i + Nu) = lim f{xi) 

is holomorphic and ||-F||oo < ll/lloo- Put Ef = F o J, where J is as in the principle of local 
reflexivity. It is straightforward to check that E has the required linearity and multiplicative 
properties and that \\E\\ < 1. Since J coincides with the canonical embedding j: X {X)u 
on Bx, it is also easy to see that Ef coincides with / on Bx- | 

Theorem 2.4 For X a complex Banach space, 

Kx''{,x,y) = Kx{x,y) 



for all x,y E Bx- 
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Proof: Since the canonical inclusion from Bx to Bx" is continuous and linear, it is holo- 
morphic and the distance decreasing property of the Kobayashi metric implies 

Kx-*ix,y) < Kxix,y) 

for x,y e Bx- 

Fix x,y e Bx- By Montel's theorem, we can find / G H{Bx, lO) so that /(O) = and 

Kx{x, y) = Cx{x, y) = p{f{x), f{y)). 

By Propostion l2.3[ we can find an extension / G H^{Bx**) of / with ||/||oo < 1- Since 
f{x) = f{x) G ©, / has all its values in D. We conclude 

Kx{x,y) = p{f{x)J{y)) = p(/(x),/(y)) < Kx^^ix,y). | 

We are now in a position to extend Theoreme 4.3 of [fTTll . 

Theorem 2.5 If a complex Banach space X is 1 -complemented in its second dual, then Bx 
is C-connected. 

Proof: Let P denote a norm 1 projection from X** onto X and let p 7^ g G Bx- Since 
Bx** is the unit ball of a dual Banach space, Theoreme 4.3 of lUTI implies that there exists 

G H{p, Bx**) and m, w G D satisfying (j){u) = p, 0(f) = q and p{u, v) = Kx**{p, q)- 

Now P o G if (©, Bx) and P o 0(u) = p, P o 0(t;) = q. By Theorem [111 and ifTTl 
Theoreme 2.5], 

p{u,v) = Kx**ip,q) = Kxip,q) = Cxip,q)- 
Hence P o is a complex geodesic in Bx- Since p and q are arbitrary, Bx is C-connected. 
I 

Remark 2.6 Preduals of C*-algebras satisfy the hypotheses of Theorem \2.5\ ( see f32\]) and 
these include examples which are not covered by the results in jUl^. 

On the other hand, cq is well known not to satisfy the hypotheses ofTheorem \2.5\ although 
Beg is C-connected (which follows from homogeneity — see Remarks \5.10^ . 

3 UNIQUENESS RESULTS 

If is a complex geodesic joining the points p and g of a domain V and / is a biholomorphic 
automorphism of ©, then o / is also a complex geodesic joining p and q (because / is a 
p-isometry). Thus there is never a unique complex geodesic joining p and q, because of this 
possibility of reparametrizing complex geodesies. However, Vesentini [|33l has shown that 
if and ip are complex geodesies then they have the same range 0(D) = V'(D) if and only 
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if ^ = o / for some biholomorphic automorphism / of D (this can also be deduced from 
the global vector- valued subordination theorem of Finkelstein and Whitley [fTBl ). We thus 
discuss uniqueness of complex geodesies up to reparametrization, by means of the following 
normalization. 

We call a complex geodesic (p ^ normalized geodesic joining p and q if 0(0) = p and 
(f){s) = q for some positive real number s. The number s is uniquely determined by p and q 
— in fact s = tanh Cv{p, q) ■ By the homogeneity of the unit disc and the result of Vesentini 
cited above, it follows that there is a unique normalized complex geodesic joining two points 
p, g G P if and only if all complex geodesies joining p and q have the same range. 

The following are known results concerning uniqueness. 

(a) If Bx is the unit ball of a Banach space X and x E Bx, x ^ 0, then there is a 

unique normalized complex geodesic joining and x if and only if is a complex 

extreme point of Bx- (Vesentini ^33l ). 

(b) If I) is a strictly convex domain (i.e. each point of the boundary dV is a (real) extreme 

point of V) in a finite dimensional space, then there exist unique normalized complex 
geodesies joining all pairs of points in V. (Lempert [|23]| ). 

In this section, we extend (b) to a class of Banach spaces which includes all reflexive 
Banach spaces and give a general criterion for uniqueness of complex geodesies which high- 
lights the problem of interpolating between the results (a) and (b) above. A more detailed 
study of non-uniqueness of complex geodesies has been undertaken by Gentili |[T4l [151 \lM 
(see also Section |6l). 

Definition 3.1 A complex Banach space X has the analytic Radon-Nikodym property (aRNP) 
if each f G H°°{3, X) has radial limits almost everywhere on the unit circle. 

H°°(J]),X) means those functions in H(D,X) which have bounded range. If X has 
aRNP and / G H°°(D, X), we can extend / to almost all points e*^ G OB (almost all with 
respect to Lebesgue measure on 9D) by 

f{e'') = lim fire''). 

Moreover / is uniquely determined by the boundary values /(e*^). Reflexive Banach spaces 
and Banach spaces with the Radon-Nikodym property (e.g separable dual spaces) have 
aRNR The Banach space Cq does not have aRNR For further details we refer to [,10. Chapter 
12] and [[T8l. 

Now suppose we have a convex bounded domain Dm a Banach space X with aRNR Let 
p ^ q E V and let G{p, q) denote the set of all normalized complex geodesies joining p and 

q. If E G{p, q) and < A < 1, and s = tanhCvip, q), then A0 + (1 — X)ip E G{p, q). 
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This follows from convexity of V (which ensures that A0 + (1 — A)^(D) C V) together with 
the facts that 

(A0 + (1 - A)^)(0) = 0(0) = V^(O) = p and (A0 + (1 - A)^)(s) = = ^{s) = q. 

In other words, G{p, q) is a convex subset of i/(D, V) 
Next, notice that if G G{p, q), then 



It follows that at points e*^ where 0(e*^) is defined (almost all points on dlD) by aRNP), 
0(e*^) G dV. Now if ^/^ is another element of G{p, q), then for almost all 6, 



are all in dV. If we now assume that V is strictly convex, then we must have 0(e*^) = V^(e'^) 
for almost all e*^. This implies (p = ip. We have thus proved the following result. 

Theorem 3.2 If X is a complex Banach space with the analytic Radon-Nikodym property 
and V G X is a strictly convex bounded domain, then there exists at most one normalized 
complex geodesic joining p and q. 

We now restrict our attention to the case where V is the open unit ball Bx of X. Let 
(j),ip G G{p, q) for two points g G Bx and suppose again that X has aRNP. Let g = ip — (p 
and s = tanhCx(p, q)- Since 0(0) = -0(0) = p and 0(s) = ip{s) = q, g{0) = g{s) = and 
we can therefore write g{z) = z{z — s)h{z) for some h G if°°(D, X). Using aRNP and the 
convexity of G{p, q), we can see that the following result holds. 

Proposition 3.3 IfX has aRNP and is a normalized complex geodesic joining two points 
p,q G Bx, then is the unique such geodesic if and only if the zero function is the only 
element h G i/°°(D, X) satisfying 



for almost all 6, all A G [0, 1] (where s = tanh Gx{p, q) )■ 

Examples 3.4 (a) If X has aRNP and is 1 -complemented in X**, and if Bx is strictly 
convex, then Theorems \2.5\ and \3.2\ show that there exists a unique normalized complex 
geodesic joining each pair of points p,q E Bx- 

(b) This applies in particular when X is the space & of p-summable sequences (\ < p < 
oo ), because is reflexive and has a strictly convex unit ball. 




lim C2?(0(re^^),0(O)) = lim p(re^^ 0) = oo. 




||0(e'^) +Ae*^(e*^-s)/i(e*^)|| = 1 



(3.1) 
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4 CONTINUOUS COMPLEX GEODESICS 

In this section we show that complex geodesies can be extended continuously to the boundary 
under a complex uniform convexity hypothesis. 

Definition 4.1 If I) C X is a domain in a complex Banach space X, then we define 

6t>{z, v) = sup{r > : z + rvB) C V} 

for z e V, V e X, \\v\\ = 1. 

We define the modulus of complex convexity ofV to be 

5x>{£) = sup{(5x)(2;, v) : z eV, d{z, dV) < e, \\v\\ = 1}, 

(where d{z, dV) denotes the distance from a point z in T> to the boundary). 
The domain V is called complex uniformly convex ifd-D^s) — a* 5 — 0. 

Remarks 4.2 For the case where V = Bx is the unit ball of X, Globevnik lUTll introduced 

uJc{e) = snp{\\y\\ : ||a; + Cy|| < 1 +e for all \\x\\ = 1,C G D} 
and this function is closely related to 6xi{£)- In fact, it is easy to check that 

^"^^^ - sup{6v{z,v) : \\v\\ = 1, ||2;|| = 1/(1 + e)} = 6v 



and thus that 

5v{e/2) < uo,{e) < 25v{e) (0 < £ < 1). 

Functions which are inverse to 5x){e) and ujc{e) were considered by Davis, Garling and 
Tomczak-Jaegermann /H]/ and called /i^ and (respectively). Dilworth ^ theorem 2.1] 
has shown that complex uniform convexity ofBx (or uniform Hoo-convexity ofX in the nota- 
tion of^) is equivalent to the notion of uniform PL-convexity which was studied intensively 
in Ml/. 

A result similar to the following one can be obtained for the case where the domain is 
the unit ball using theorem 2 of IfTTl . 

Proposition 4.3 If V C X is a convex domain, then 

'\v\\ 



cv[z,v) > 



holds for V e X, z e V, e = d{z, dV). 
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Proof: We will make use of the fact that cx) = kx> for V convex (see [11]). Fix z E V, 
V E X and consider holomorphic mappings /: D — P with /(O) = z, /'(O) = v /r, r > 0. 
Consider the function 



9(0 = ^ f{e''CKl + cos9)d9. 



Since (1 + cos 9) d9/ (27r) is a probability measure on [0, 2tx], we may regard g{C,) as a limit 
of convex combinations of points in V. So g takes values in the closure V. Since (7(0) = 
/(O) eV and V is convex, it follows that g maps D into V 03^, p. 376]. 
Working with the power series representation of /, we find that 

9{o = /(o) + \fm. 

(In fact, g{C,) is a Cesaro mean of the power series of /.). Thus 

^7(C) = /(0) + fc = ^ + ^^C 

2r 2r \\v\\ 

maps D into "D, which shows that 

^^<Sv{z,v/\\v\\)<6v{e). 

Rearranging this, we find r > ||t>||/(25x>(£^))- Since kx){z, v) = cx>{z, v) is the infimum of 
all possible values of r, the result follows. | 

Theorem 4.4 Let T> he the unit hall Bx of a complex Banach space X. IfD is complex 
uniformly convex and < Ae'^ for some constants A > 0, s > 0, then all complex 

geodesies 0: © ^ P extend to continuous functions 0: D ^ "D. 

Proof: By Proposition |431 we have (for C G ©) 

II0'(C)II 



CI,(0(C),0'(C))> 



251.(1-110(011) 

Using the hypothesis and the fact that is a complex geodesic, we deduce 

Ci,(0(C),0'(C)) = Co(C,l) = > 



1-|C|2-2A(1- 110(011)^ 

II0'(C)H^^^MD!. (4.1) 
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Next observe that 

Cvim, 0(C)) = P(0, C) = tanh-^lCl) < Cv{0, 0(C)) + Cv{0, 0(0)). 

Recall that Ct>{0,z) = tanh^^ ||2;|| for z E V = Bx- Using elementary estimates, we 
conclude that 

1- 110(011 <^<^(i-|CI) 

where is a constant depending on ||0(O) || . 

Combining this observation with (14.11) . we see that 

ll*'(C)ll < -4.^}^ < ^^JT^' 

which implies (see for instance lfT2l theorem 5.5]) that (p satisfies a Lipschitz condition 

mO'm\\<c\c-v\'- 

Hence 0: D ^ X is uniformly continuous and extends continuously to a function /: D — > X. 
I 

If a complex geodesic (p-.B) ^ V extends to a continuous function 0: D ^ we call 
a continuous complex geodesic. 

Examples 4.5 (i) For X = L^, V = Bx, Globevnik / fiTl/ proved that 5^ < (or 
rather, he proves the equivalent fact that ujc{e) < A^). Thus all complex geodesies 
in Bx are continuous, by Theorem \4.4\ 

(ii) More generally, if X is the predual of a C* -algebra and T> = Bx, we deduce from a 
result due to Haagerup (see [8, theorem 4.3]) that 6-z){e) < A^. 

Thus all complex geodesies in Bx are continuous by Theorem \4.4\ Existence of com- 
plex geodesies in Bx is guaranteed by Theorem \2.5\ 

Remark 4.6 From corollary 2.5 of / [75l/ . it follows that if all complex geodesies in the unit 
ball Bx are continuous, then all points of dBx are complex extreme points. Theorem \4.4\ 
falls short of being a converse to this. 

5 EXAMPLES IN CLASSICAL BANACH SPACES 

We apply the results of the preceding sections to give a complete description of the complex 
geodesies in the unit ball of 1 < p < oo. To obtain these examples, we require a Banach 
space version of a result of Lempert [|23l proposition 1] and [|29l . Various extensions are 
possible and we have chosen one which is suitable for the applications we have in mind. 
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Definition 5.1 For X a complex Banach space with dual space X*, we let if^(D,X*) 
denote the space of X* -valued bounded analytic functions on © which have weak*-radial 
limits at almost all boundary points. 



In other words f G H^{3, X*) means that f G H°°{3, X*) and there exists a function 
/: a© ^ X* so that 



holds for almost all 6' G M. 

If X* has aRNP, then all functions in H°°(JD),X*) have norm radial limits at almost 
all points of dlD), and therefore H^{]D), X*) = X*). By a resuk of Danilevich 

theorem 1.4], this equality also holds if X is separable. 

In general, the limit function /(e*^) may only be weak* -measurable, a rather intractable 
condition. Moreover it is possible that the space H^iJD), X*) depends on the choice of a 
predual X for X*. However, the function /(e*^) determines the holomorphic function f(Q 
uniquely as can be seen by applying standard results (see [12J) to the scalar- valued bounded 
analytic functions {x, /(C))- We will therefore not cause confusion by using the notation 
/(e*^) instead of /(e*^) for the boundary function. 

Lemma 5.2 Let X be a complex Banach space, f G H^{3, X*) and h:3 ^ X a continu- 
ous function which is holomorphic on D. Then 



Um {x,f{re^')) = {x,f{e^')) 



{all X e X) 



lim {h{re^')Jire^')) = {hie^'),fie'')) 



r 



■r 



for almost all 6 and 



(MO, /(C)) 




{h{e^'),f{e^')) 



l + |CP-2Re(e-^C) 



for all C G ©. 



Proof: The first assertion follows from the inequality 



mre^'),f{re^'))-{h{e^'),fie^'))\ 
< IIMre^^) - Me^^)|| ||/|U + KMe^'), fire^') " /(e^'))l 







for almost all 9 by continuity of h and the definition of iJ^(D, X*). The second assertion 
follows from the standard fact (see ifTll ') that scalar- valued bounded analytic functions like 
(/(C), h(()) are the Poisson integrals of their (almost everywhere) boundary values. | 
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If X is a Banach space and x G dBx, then the Hahn-Banach theorem assures us of the 
existence of at least one supporting hyperplane for Bx at x. That is, there exists E X* 
such that {x, Nr^) = 1 and Re {p, N^) < 1 for p E Bx- We will use the notation for a 
choice of one such functional, bearing in mind the possibility that it may not be unique. 

Proposition 5.3 Let X be a complex Banach space and 0: D ^ Bx a continuous map 
satisfying 

(/j I D is holomorphic and 0(115) C Bx! 
(ii) 0(9©) C dBx; and 

(Hi) there exists a choice of N^(^^^ for almost all ( E 83 and a measurable function p: 83 — > 
]R+ such that the mapping 

h{e'') = e^^j9(e^^)iV^(e«) 
is almost everywhere the weak*-radial limit of a function h E H^(3, X*). 
Then is a complex geodesic. 

Proof: Let D ^ Bx be a holomorphic mapping with g{0) = 0(0) and ^''(0) = A0'(O), 
A > 0. Let griC) = fl'(^C) for < r < 1 and C ^ ©• Then gr is continuous on D and 
holomorphic on ©, gr{0) = 0(0) and 5-^(0) = Ar0'(O). Moreover gr{C) E Bx for C ^ 10. 
From the hypotheses, we see that 

1 = (0(e*^),%,«)) > Re{gr{e''),N^^,.e^) 

for almost all 9. Hence 

Re ^ '^("^')-/-("^') , e^^p(e^^)iV^(,,.)^ = p(e^^)Re (0(e^^) - grie^'), iV^(,«)) > 
for almost all 9. 

Since is holomorphic on 3 and continuous on 3, the function 

is the Poisson integral of its boundary values H{e^^) by Lemma \52\ By the above remark 
and Lemma [521 Re H{e^^) > for almost all 9 and it follows from the Poisson formula that 
Reif(O) > 0,i.e. 



Re (0'(O) - g'M, hiO)) = (1 - Ar)Re (0'(O), /i(0)) > 0. 
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Applying this to the special case where g{() = 0(0) is constant (and A = 0) we see that 
Re (0'(O), h{0)) > 0. Thus, returning to the general case, we have 1 — rA > 0. Since this is 
true for all < r < 1, we deduce that A < 1. 
Since this is true for all g, we have established 

kximA'm = cximA'm = 1 

which shows, by Proposition 1 1.21 that is a complex geodesic. | 

For n a cr-finite measure on a cr-algebra S of subsets of a set Q and 1 < p < oo, 
we use the standard notation Lp(h) for the Banach space of (equivalence classes of) p- 
summable S-measurable (C-valued) functions on il normed by ||/||p = (Jj^ l/l^d/i)^^^. 
L°°(yu) denotes the essentially bounded S-measurable functions with the essential sup norm 
ll/lloo. These include as special cases the sequence spaces (where n is counting measure 

on the natural numbers) and the finite-dimensional spaces (which are C" with the norm 

/ \ i/p 

\\{zi, Z2, . . . , Zn)\\p = (^Ej=ikil^j fori <p< oo). 

In order to discuss complex geodesies in the unit ball Bp of L'^ifi) for 1 < p < oo we 
will consider nonconstant mappings 0: D ^ i?p of the form 

X f3{ui) / X 2/p 

0(c)M=c(-)i^^) r-^^] (5.1) 



(5.2) 



(C E ID), CO E ^l) where the parameter 7 and the measurable functions a{uj), P{uj) and c{uj) 
satisfy 

(a) 7 6©, aGL°°(/i), ||«||oo < 1, 
P takes only the values and 1 . 

(6) /Jc(.;)|ni + |«(C)P)rfM^) = l + |7p 

Later, we will specialise to the case where L'^{fx) = P and then we will start to use subscript 
notation — 0j (C) rather than 0(C)(j), Uj instead of a{j), etc. — and of course summation 
over j in place of integrals. 

Proposition 5.4 Let Bp denote the open unit ball of Wi^jj), 1 < p < 00. Then every non- 
constant mapping of the form d5.iD where 7, aiuj), I3{uj) and ciu) satisfy the conditions 
d5.2D is a complex geodesic in Bp. 

Note that at points where c{lo) = 0, the values of a{Lo) and I3{lo) are immaterial. Thus 
we can suppose if we wish that 



support (/?) = {uj : Piu) = 1} E {uj : ciu) 7^ 0} = support (c) 
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and that support (a) C support (c). Since {( — a{uj))/ (1 — a{uj)() is a constant function of 
( when |a(ct;)| = 1 (the constant is of modulus 1), we can also assume support C {to : 
\a{u)\ < 1}. (Then there is no problem defining 0(C) for |C| = 1.) With these assumptions, 
the condition for </> to be non-constant is 

fi{{uj : c{uj) ^ 0} n {cu : f3{uj) = 1 or a{uj) ^ 7}) > 0. 

Note also that condition (I5.2l) (b') implies that c G L^ifi)- 

f 2 V'" 
Proof: Observe that for 5 = — 

VI - \i\J 

|0(C)MI<5|c(^)| (CgD,^g1]) (5.3) 

so that 0(D) C U\iJi). Next if (C„) is a sequence in D which converges to a point C G D, 
then 0(Cn) (t^) 0(C) (^^) for ^- Hence by the Lebesgue dominated convergence theorem 
and (15.31) . ||0(Cn) — 0(C) lip ^ as n ^ 00. This shows that 0: D ^ L^{lA ^ continuous 
mapping. 

For each fixed uj E Vt the map C ^ 0(C) (^) is analytic on D and from (15.31) we see that 
its Taylor series expansion 

0(C)(c.) = 5^a„(u;)C" (5.4) 

n 

with coefficients satisfying |a„(cij)| < 5|c(c<j)| (all n and all uj). Calculating the a„(co') using 
the binomial theorem and multiplication of power series, we can check that the functions 
On (a;) are measurable and then the estimate on the coefficients implies that a„ G L^di). 

Now, for a fixed C G D the sequence Xlj=o%(')C"' of nieasurable functions converges 
pointwise to 0(C) (■) as n ^ 00 by (15.41 ). Since 

n 
j=0 

and (5c(-)/(l — |C|) G LP(/i), the Lebesgue dominated convergence theorem shows that 

00 

0(C)(-) = E«-(-K'^ 

n=0 

in -^^(/u) for each C ^ D- Hence is holomorphic on D. 
For 6* G M, we have 

||0(e^^)||^ = / |0(e^^)(cu)rrf/i(u;) 
Jn 

= [ \c{uj)\ 
Jn 



<S\c{u;)\J2\C\' 



7=0 



^|c(^)l 
1-ICI 



1 — afwje* 



1 — 76* 
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1 



1 + |7|2 - 2Re(7e*^ 
1 



[ \ciuj)\Pil + \aiuj)\^ -2Re{a{iu)e'^))dfx{uj) 
Jq 



by conditions (|5.2I) (b) and (c). Hence 0((9©) C dBp and 0(D) C Bp. Since </> is non- 
constant and all unit vectors in L^^fJ.) are complex extreme points of the unit ball the strong 
maximum modulus theorem of Thorp and Whitley (see for instance [10, proposition 6.19]) 
implies that 0(©) C Bp. 

We consider the dual space {LP(fi))* of L^(/i) to be identified with L'^{n) (1 /p+l/q = 1, 
1 < g < oo) in a complex linear fashion (rather than the conjugate linear identification 
frequently used) so that g G L'^ifi) acts on / G Lp{^) via (/,(?) = f{uo)g{uo) d^{uo). If 
/ G dBp, then one choice of a supporting hyperplane Nf G L'^{ij) is given by 



Nf{u) = \f{u)r''f{u] 

(where 0^"^ = for all p). 

To complete the proof, we apply Proposition [5]3] with 



p[e'^) = |l-7e 

MOM = 5M(i-aMC)^-/-(i-7C)^/Mf^i^ 

\ 1 - a(^)C, 



with c(c<j) = \c{uj)\^~'^c{uj). Note that c G L'^ij^-)- If 1 < p < cxo an argument similar to 
the one given above to show that </> is holomorphic on D and continuous on D shows that 
the same is true of h. This is more than enough to show that h G H^(JD), {Lp{ij,))*). Since 
h{e^^) = e*^|}(e*^)A^<^(eie), this shows that is a complex geodesic whenp > 1. 
Whenp = 1, 



MC)M = (i-7C)^£H 



C -q(^) 

1 - a{uj)C 



and ||c||oo < 1- It is quite easy to see that h is holomorphic on D and that ||/i(C)||oo < 
(1 + |7|)2 for all C e D. For each G ^] and 6* G M, lim^^i- h{re'^){uj) = h{e'^){uj). Using 
the boundedness of h and the Lebesgue dominated convergence theorem it is then easy to 
see that h has weak* radial limits at all points e*^ G dU), i.e. that 

lim {f,hire'')) = {f,h{e'')) 

for all / G L^{lj)- Thus h G (L^(/i))*) and is also a complex geodesic in the p = 1 

case. I 
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Proposition 5.5 Let Bp denote the open unit ball of P', 1 < p < oo. Then any two distinct 
points in Bp can be joined by a normalized complex geodesic of the form given in 0. 1 D . 
That is, there exists a complex geodesic 0(C) = {4>j {0)^i joining the points where 

7 G D, aj e D, Cj G C, pj = or 1, J2j |cjf (1 + l"jf ) = 1 + \l? and J2j |cjf = 7- 

Proof: The existence of some complex geodesic joining the two points follows from Theo- 
rem |23] (or from [[TT|). We also know that all complex geodesies in Bp are continuous from 
Theorem 14.41 For the p = 1 case the uniform complex convexity hypothesis was established 
by Globevnik [17] (see Examples 14.51) and the p > 1 case is more straightforward because 
is uniformly convex in the real sense (see [8J). 

Our proof that there exists geodesies of the required form relies heavily on finite-dimensional 
results {i.e. results for the case of £p) of Poletskii [|26l and Gentili lfT6l . For 1 < p < oo, 
Poletskii [|26l proved that all geodesies in the unit ball Bp n of £^ are of the above form 
(except that he omitted the possibility that Pj could be 0). Gentili fl^, Theorem 6] proved 
that all continuous complex geodesies in i?i „ are of the above form. Now that we know 
all complex geodesies in _Bi „ are continuous, it follows that all complex geodesies in 
are of the above form. (We could actually circumvent Gentili's result. By taking a limiting 
argument based on Poletskii's result and the fact that (IpyiBp^n = -Bi „, we could establish 
the existence of complex geodesies of the required form joining any pair of points in Bi n.) 

Now let x,y E Bp be two distinct points. 

We consider as being identical with the subspace {{zi, Z2, ■ ■ ■ , Zn, 0, 0, . . .)} of £p 
and we will use the notation a;*^"^ for the natural projection {xi,X2, ■ ■ ■ , x„, 0, . . .) of a; = 
(xi, X2, . . .) into i'^. Similarly for Consideration of the inclusion map : B^p Bp and 
the projection z ^-^ z^^^: Bp — > B^p, which are both holomorphic and therefore contractions 
with respect to the Caratheodory distance, shows that 

= !/(")) < Cep{x,y) {x,y G Bp). 



Let 0(") denote a normalized complex geodesic in the unit ball of with 0*^") (0) 



X 



(n) 



and (f)^''^\sn) = y^'^\ where s,„ = tanh ^ Cip{x^^\ y^"''^) > 0. (Strictly speaking this may not 
make sense for small n when it may happen that x^^^ = y^'^\) Let the parameters associated 
with ^^'^^ be denoted aj"^ 7^'^) and cj"^ (1 < J < n). 
There is a subsequence of n's along which we have 

(n) nin) n in) M 

for each j. Since |cj"^p < 2 for all n, we have \cj\^ < 2. We claim that I7I < 1. 
Observe that 
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uniformly on compact subsets of D as n ^ oo along the subsequence. Hence 0j (O) = xj 
and = Uj where 

s = limsn = limtanh"^ Qp(a;^"\y^"^) = tanh"^ C^p(x, y). 

n n 

Thus we can pick a j with (pj non-constant. If I7I = 1, then (f)j would be unbounded on D 
unless aj = 7. unbounded leads to a contradiction since each 0^"^ is bounded by 1 and in 
the case aj = 7, (pj would be constant. Hence I7I < 1. Using J2j < 00 we can argue 
as in the proof of Proposition 15. 41 to show that 

is holomorphic on D and continuous on D. 

Since j^j l0i"HC)l^ < 1 for all n, we have |0j(C)r < 1 for |C| < 1- Since 0(0) = x 
we have 0(D) c Bp (see ll33l p. 376]) and since 0(s) = y,4> must be a complex geodesic. It 
follows that 110(C) lip = lfor|C| = 1. and expanding this out as in the proof of Proposition [54l 
we find 

00 

1 + |7r - 2Re (70 = + - («C)) (ICI = !)• 

As both sides are harmonic for C £ D and continuous on D, the equality remains valid 
for C G D. Putting C = gives Y.j 1^1^(1 + Wj?) = 1 + \l? and then it follows that 
Ei|cjf"j=7- I 

Lemma 5.6 Let f G H^(D), 7 G D. Then 

_J{f)_ 
/ e^^ - 7 \ 

V 1 - 76''^ J 

is a non-negative real number for almost all 6 eM. if and only if 
for some t > 0, |q;| < 1. 

Proof: The case 7 = is due to Gentili (16) (see lemma 2 and the proof of theorem 6). The 
general case follows from Gentili's result by the change of variables r] = (C — 7)/(l — 7C)- 

I 
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Lemma 5.7 If X = ij^ or X = £^ and x 7^ y G Bx, then there is a unique normalized 
complex geodesic in Bx joining x and y. 

Proof: As already noted, we know that there exists a normalized complex geodesic in 
Bx joining x and y. In fact we have an explicit form (15.51 ) of one such (f) = by 
Proposition 1531 , where 



for all j 

Now suppose ip h di second normalized complex geodesic joining x and y. Suppose 
(^(0) = V^(0) = X and 0(s) = il){s) = y where s > 0. The argument given earlier in the 
proof of Theorem 13 .21 shows that / = A0 + (1 — \)iJj is also a complex geodesic joining x 
and y. Thus ||/(e*^) || = 1 for all G M. It follows that we must have equality in the triangle 
inequality 

1 = ll/(e^')ll = E l^'^^^^^') + (1 - <J2^\^^(^''^\ + (1 - = 1- 

j j 

This forces 

to be a non-negative real number for all 9 except those for which the denominator is zero. 

To prove that ipj = (f)j, we consider the case Cj = and Cj 7^ separately. In the first 
case (pj = and hence Xj = yj = 0. Since linear isometrics of X map complex geodesies in 
Bx to complex geodesies, and 

^ = (V"!, • • • , -V'i, ^j+U ■ ■ •) 

are both normalized complex geodesies joining x and y. Therefore, so is g = {tp + ip)/2. 
Since \\g{e'^) \\ = ||^(e*^) || = 1 for all 6, it easily follows that ^pj = = <pj. 
If Cj 7^ 0, Lemma [5^ applied to the function 



0i(C) [ C-«i 



Cj yl — OjC 

shows that 

Cj \l-aje^'> 



1-/3,- 
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is non-negative for almost all 9. Therefore the same holds for ipj^e^^) in place of 0j(e*^) and 
Lemma [5^ then shows that there exist t > and < 1 so that 



MO=tc 



If (3j = and \aj\ < 1, then analyticity of ipj{C) forces aj = (3j and two terms cancel 
in the expression for ipjiC)- Then from 0j(O) = ijjjiO) = Xj, we conclude that cj = tcj and 
t = 1. So 0j = ipj in this situation. 

In the remaining cases, 0^ (0) = V'j(O) = Xj yields 

and hence aj = t(3. Then V^j(s) = 4>j{s) = yj and some cancellation of common terms 
shows that 

(s - aj){l - ajs) = t{s - f3){l - /3s). 
Combining this with aj = tp yields 

Hence t = 1 or t = In the second case, 

aj = tf3 = 

Since \aj\ < 1 and \P\ < 1, we must have \aj\ = \P\ = 1 so that t = 1. Hence aj = (3 and 

^.(C) = 0,(C). I 

We can summarise our results for P' as follows. 
Corollary 5.8 Let Bp denote the unit ball of P', 1 < p < oo. Then 

( i) Any two distinct points in Bp can be joined by a unique normalized complex geodesic. 

( ii) All complex geodesies in Bp are continuous. 

(Hi) A map (f):3 ^ Bp is a complex geodesic if and only if it is a non-constant map of the 
form given in Proposition \5.5\ 

Proof: For all 1 < p < oo, existence follows from Theorem [23] (or from flPl). Uniqueness 
for p > 1 follows from Theorem \32\ and uniqueness for p = 1 has just been established in 
Lemma [5771 

(ii) follows from Theorem 14.41 For p = 1, this has already been noted in Examples 14.51 
It is straightforward that Theorem 14.41 applies to i'P for 1 < p < oo because P is uniformly 
convex in the real sense (see [8|). 

(iii) follows from Proposition 15 . 5 1 and (i). | 

We suspect that a more general version of this result holds for in place of P, but 

we have not managed to prove L^-versions of Propositions 15. 5l or l5.7[ 
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Example 5.9 Let X = ®r = {x = {y,z) : y e iP\z e normed by \\x\\ = 

dbii^ + ikiy'^ 

One can check using Proposition 15.31 that for 1 < pi < oo, 1 < r < oo all nonconstant 
maps ^ Bx of the following form are complex geodesies. 



m = ((0i,)r=i,(02,)r=i) 



.l-"iiC/ vi-7iC/ vi-7C, 
where \aij\ < 1, |7j| < 1, I7I < 1, Pij is or 1, and the following relations hold 

5^|Q,ra., = 7cr^ (^ = 1,2) 



where 



c[li + C272 = 7 

cui+i7ir)+c^2(i+i72r) = 1+17 

1/p 



2 



The proof of this involves observing first that for x = {y, z) E X with \\x\\ = 1, 

with Ny/\\y\\ and Nz/\\z\\ given as in the proof of Proposition \5.4\ for To apply Proposi- 
tion \5.3\ take p{Q = |1 — 7CP and 



where 

Cij = c\~'^'\cij\^^-'^Cij (i = 1, 2; 1 < J < 00). 

We suspect that all complex geodesies in Bx are of this form. Other examples of complex 
geodesies in spaces which are direct sums of more than two summands of P' -type can also 
be exhibited. 



Remark 5.10 The case p = 00 is excluded in all of the previous calculations because it is 
well known that almost everything is different for ( and j. Even for the unit ball Boo,2 = 
{{zi, Z2) G : maxj \zi\ < 1} (polydisc) of i'^, many of the differences are apparent. The 
only points ofdB^ 2 that are complex extreme points are those where \zi\ = \z2\ = 1 and 



Comlex geodesies on eomplex domains 



26 



therefore the result ofVesentini cited at the beginning of Section\3\shows that there are 
many complex geodesies joining to z = {zi,Z2)if\zi\ ^ \z'2\. In fact, if\z2\ < \zi\, the 
normalized complex geodesies joining to {zi, Z2) are 

0(0= (c^,^?(C)) 

where g is any analytic function on D with gifi) = 0, g{\zi\) = Z2 and sup^gjj |5'(C)| < 1- 
(This can easily be verified using the fact that the Kobayashi distance between x,y E -600,2 
is given by maxj=i 2 p(xj, yi).) Thus we see non-uniqueness and discontinuity of complex 
geodesies. Since -800,2 is <^ homogeneous domain, for any pair of points x,y E -800,2. we can 
find a biholomorphic automorphism F with F{0) = x (in fact F(zi,Z2) = ((xi — zi) / [1 — 
XiZi), {x2 — Z2)/{1 — X2Z2)) will do). Then for any normalized complex geodesic joining 
and F~^{y), F o (p is a normalized complex geodesic joining x and y. 

The infinite dimensional case (!.°° is somewhat similar to the finite dimensional one. We 
state without proof the following result ( B^o is the unit ball of£°°). 

A map = (01, 02, . . © ^ -Boo is holomorphic if and only if each coordinate 
function 0j {() is analytic. 

One can check that is a complex geodesic if and only if either there exists j for which 
(f)j is an automorphism of 3 or else there is a subsequence of {(f) j)j which converges to an 
automorphism. This can be done directly or via a result ofGentili / ITTI/ who gives a necessary 
and sufficient conditions for a holomorphic map 0: X — > Bx to be a complex geodesic in 
the case when X = C{K) is the space of continuous functions on a compact Hausdorff 
space K. The condition is that there exists k E K so that ( ^ (f){(){k) is an automorphism 
of the unit disc. Since £°° is the same as the space of continuous functions on the Stone- 
Cech compactification of the integers, we can apply his result. There will be more than one 
complex geodesic joining x,y E B^q unless \ {xj — yj)/{l — is constant. 

Similar remarks apply to Cq. In this case there are no complex extreme points on the unit 
sphere and there is more than one normalized complex geodesic joining every pair of points 
in the unit ball. 

6 TAUTNESS AND CURVATURE 

In previous sections, we have used (for convex domains) convergence principles to establish 
the existence of holomorphic mappings with certain extremal properties. These convergence 
properties have been formalised for finite-dimensional domains and manifolds and certain 
relationships established. In this section, we show that these results do not extend to arbitrary 
Banach spaces, even for convex bounded domains and give a result on curvature of the 
Kobayashi infinitesimal metric. 
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We define hyperbolic, complete hyperbolic and taut domains in a Banach space. The first 
two definitions are standard, while various versions of the third are possible. 

Definition 6.1 A domain V in a Banach space X is called hyperbolic if Kd induces the 
original topology on V. If, moreover, {V, Kx>) is a complete metric space, we call V a 
complete hyperbolic domain. 

If V is hyperbolic, then Kx> is a distance on V (i.e. Kd separates the points of V) and 
the converse is true for finite dimensional domains (see [|28l [T9ll ). We do not know if the 
converse is true for infinite dimensional Banach spaces. Harris [fT9l theorem 24] has proved 
that a convex bounded domain in a Banach space is complete hyperbolic and Barth (3] has 
proved that a convex domain in C" which contains no complex lines is hyperbolic (and 
indeed biholomorphically equivalent to a bounded domain). Again, we do not know if this 
result extends to infinite dimensional Banach spaces. 

Definition 6.2 A domain V in a Banach space X is taut if there exists a Hausdorff locally 
convex topology t on X such that every net {fa)a in H{p, V) contains either a compactly 
divergent subnet or a subnet which converges with respect to t, uniformly on compact subsets 
ofB, to some f E H(D,V). 

A net {fa)aer is compactly divergent if, given K compact in © and L a norm-compact 
subset ofV, there exists eT such that fa{K) n L = ^ for all a > a^. 

For V finite dimensional, r has to be the same as the norm topology and we have 

complete hyperbolic =^ taut =^ hyperbolic 

(and the converses are both false Il22l l2l). Also, for finite dimensional domains the unit disc 
D can be replaced by any finite dimensional domain in the definition of tautness 1011391. 

Proposition 6.3 The unit ball Bx of a Banach space X is taut if and only if X is isometri- 
cally isomorphic to a dual space. 

Moreover, ifX contains any bounded convex domain T) which is taut (for a locally convex 
topology t) then X is isomorphic to a dual Banach space and the topology r is weaker than 
the norm topology. 

Proof: We first suppose that Bx is taut and that r is a locally convex Hausdorff topology 
associated with tautness. Let {xa)a be a net in Bx and for each a let /a(C) = C^a for 
C e D. Then fa is a net in H(D,Bx) and, since /a(0) = for all a, it contains no 
compactly divergent subnet. Therefore it must have a subnet (//3)/3 which converges relative 
to r, uniformly on compact subsets of D, to some / G H(J]),Bx). Since r is a locally 
convex topology, it is easily seen that f{() = (x for some x G X. Because ||/(C)|| < 1 for 
all ^ G D, we must have ||x|| < 1 and moreover xp ^ x (with respect to r). This shows that 
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(Bx, t) is compact. A result of Ng ll25l now implies that X is isometrically isomorphic to a 
dual space. 

Conversely, suppose now that X is isometrically isomorphic to the dual of a Banach 
space Y. Then Bx is compact in the weak*- or cr(X, F)-topology. Let {fa)a denote a net in 
Bx)- Consider the Taylor series expansions 

n 

From the Cauchy formula, we have ||aQ, „|| < 1 for all a and n. By compactness of the 
product of infinitely many copies of Bx (for the product a(X, F) -topology) we can find a 
subnet {fp)f3 so that ap^n a^, & Bx for all n. 

If ||ao|| = 1, then for any < r < 1, //^(O) = a^j „ ^ rBx if (3 is sufficiently large. Thus 
11/^(0)11^1. Now 

tanh-Ml//3(C)ll = KxU^iC),^) 

> Kx{fm,o)-Kx{u{o,fm) 

> tanh-Ml/MO)||-p(C,0) 

(here we have used the distance decreasing property for the Kobayashi metric) shows that 
ll//3(C)ll ~^ 1 uniformly on compact subsets of 3. Thus //3 is compactly divergent. 

For the case ||ao|| < 1, let f(Q = J^n'^nC"'- Since ||a,„|| < 1 for all n, clearly / G 
H{]D), X). Fix ?/ G r, < r < 1 and e > 0. Choose N so that T.n=N+i ^" < ^- Then, by 
considering power series, we obtain 

N 

sup I (y, //3(C) -/(C)) I < Y.\^y,ap,n 

Kl<- n=0 

N 

< ^\{y,af3,n 
n=0 

for all p. Hence fp^f with respect to a{Y, X), uniformly on compact subsets of D. 

Since //3(C) G Bx for all C and P, it follows that / has values in Bx- Since /(O) = ^ 
Bx, f G ^^(115, Bx)- This completes the proof that Bx is taut when X is a dual space. 

It remains to show the last part of the proposition. Suppose V is a taut bounded convex 
domain in X. We can assume that G P by a translation. A simple argument based on 
compactness of the unit circle shows that Vq = Dg^ue'^^'D is a bounded balanced convex 
domain. By replacing the norm on X with an equivalent one, we can assume that Vq = Bx- 
The same argument as used at the beginning of the proof, together with the observation that 
a map /: D ^ X of the form /(C) = (x has its values in V if and only if it has values in 
Vq = Bx, shows that X is a dual space. Moreover the proof of Ng n25i implies that r is 



00 

n=N+l 

- a„)| + 2e\\y\\ 
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weaker than the norm topology. He shows that X is the dual of a certain subspace Y c X* 
and that the identity map id: (Bx, t) {Bx, y)) is a homeomorphism. It follows that 
id: (Bx, II ■ II) {Bx,t) is continuous, and hence that irf: (X, || • ||) {X,t) is continuous. 



We remark that we could have appealed to this proposition for the proof of Proposi- 
tion |53] in place of the more direct argument we used. 

Example 6.4 For X = cq, Bx is complete hyperbolic (by / I79l/ ) but not taut. 

The second part of the proof of Proposition 16.31 can easily be modified to show that the 
following are taut 

(a) convex bounded domains in reflexive Banach spaces (for r the weak topology); 

(b) convex bounded domains in dual Banach spaces with the property that their norm clo- 

sures are weak* -compact (r the weak* -topology). 

Proposition 6.5 IfD is a convex bounded taut domain in a Banach space X, then V is 
C-connected. 

Proof: Given two points x,y eV, choose (/„)« in i/(D, V) so that /n(0) = x, /n(s„) = y, 
Sn G (0, 1) for all n and s„ — s = tanh Kx){x, y) as n oo. 

Since V is taut and /„(0) = x for all n, it follows that {fn)n has a r-convergent subnet 
(r being the locally convex topology related to tautness of V). Let / G H(D, V) denote the 
limit of one such subnet. Clearly /(O) = x and we claim /(s) = y (which will show that / 
is a complex geodesic by convexity and Proposition ! 1.21) . 

For r = (1 + s)/2, we have 



Since V is bounded and s„ s, it follows that fn{sn) — fn{s) ^ in norm (hence also in 
the topology r by Proposition 16.31) as n ^ oo. Now if {fna)aer is a subnet of which 
converges to / uniformly with respect to r on compact subsets of D, then 



in the topology r. Since = y, it follows that /(s) = y. | 

We observe that one can similarly prove an infinitesimal version of Proposition l6.5[ ifV 
is a convex bounded taut domain in a Banach space X, x E V and ^ v E X, then there 
exists a complex geodesic f G H(I]), V) such that /(O) = x and f'{0) = v/kTi{x, v). 



I 
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Definition 6.6 IfD is a bounded domain in a Banach space X, then the holomorphic sec- 
tional curvature of the Kobayashi infinitesimal metric k-p at a point x & T) in the ( nonzero ) 
direction v ^ X is 



Since kj) may not even be continuous in general, A above denotes the generalised Lapla- 
cian. This is defined (motivated by l\21J, see ^)for upper semicontinuous functions u with 
values in [—00, 00) (but not identically —00) at points z with u{z) 7^ —00 by 

1 f 1 /"^'^ 

An(z) = 41iminf — < — / u(^z + re'^) d9 - u(z] 
r^o+ [ 2n Jo 

At a local maximum point z, Au{z) < and at a finite local minimum Au{z) > 0. 
The following result for finite-dimensional domains is due to Wong [i38L Burbea [4] and 
Suzuki USUI EB. 



Proposition 6.7 If V is a taut bounded convex domain in a Banach space X, then 

Kk{x, v) = -A {x eV,o ^ V e X). 

Proof: We will use the fact that this result is true for the unit disc D (see for instance 
[fTOl §3.4]) — in fact every suitable function / attains the supremum in Definition 16.61 when 
V = 3 and the supremum is —4. 

For general V and / as in the definition of v), let \f{z) = c^{f{z), f'{z)) (which 
coincides with k^{f{z), f'{z)) by convexity of V). By Montel's theorem, we can find g E 
if ("D, D) such that glx) = and 

cvix,v) = \g'{x){v)\ = cjo{g{x),g'{x){v)) = a{g{x), g'{x){v)). 

het(3{z) = a\g{f{z)),g'{f{z)){f'{z))) for 2 G rD. Observe that 

m<cUf{z),nz)) = Xfiz) 

and /3{0) = a'^{g{x), g'{x){v)) = c^{x,v) = A/(0). Since v ^ and V is bounded, there is 
a neighbourhood of where (3 (z) does not vanish. Hence log(A has a local minimum at 
the origin and therefore 



= AlogA/(0) - Alog/3(0) > 0, 

z=0 

where we have used the fact that log /3 is twice continuously differentiable (and hence the 
lim inf in the definition of A log P is a limit). It follows that 



AlogA/(0) ^ Alog/3(0) 
-2AK0) - -2/3(0) 
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and hence that Kk{x, v) < —4. 

Since V is taut and bounded, there exists a complex geodesic / G V) such that 

/(O) = X and /'(O) = v/kx>{x, v) (by the infinitesimal version of Proposition [63]). For this 
/ we have 

(see Proposition ! 1.21) and the one variable result shows that / attains the upper bound of —4. 
I 

Corollary 6.8 IfX is a dual Banach space, then the Kobayashi infinitesimal metric kx on 
Bx has constant holomorphic sectional curvature —4. 
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